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DEFINING COARSENINGS OF VALUATIONS 


FRANZISKA JAHNKE AND JOCHEN KOENIGSMANN 


Abstract. We study the question which henselian fields admit definable henselian valua¬ 
tions (with or without parameters). We show that every field which admits a henselian val¬ 
uation with non-divisible value group admits a parameter-definable (non-trivial) henselian 
valuation. In equicharacteristic 0, we give a complete characterization of henselian fields 
admitting a parameter-definable (non-trivial) henselian valuation. We also obtain partial 
characterization results of fields admitting 0-definable (non-trivial) henselian valuations. 
We then draw some Galois-theoretic conclusions from our results. 


1. Introduction 

We study the question which henselian fields admit non-trivial henselian valuations 
which are definable, i.e., for which the valuation ring is first-order definable in the language 
of rings. Furthermore, we investigate whether parameters are required for these definitions. 
Here, we call a field henselian if it admits some non-trivial henselian valuation. There has 
been considerable progress in the area of definable henselian valuations over the last few 
years. Most recent results are focussed on defining a specific given henselian valuation on 
a henselian field, sometimes with formulae of low quantifier complexity (see I CDLM13 1, 
IHon 141 . [ AK14 1. [ Feh 14 1. I. IK 14a l. I Prel4l l and IIFJ14II ). The question considered in 
this paper is however whether a given henselian field admits at least some non-trivial de¬ 
finable henselian valuation. There are many henselian fields having both definable and 
non-definable henselian valuations (cf. Examnle l3.2l) . 

Neither separably closed fields nor real closed fields admit any non-trivial definable val¬ 
uations. For real closed fields, this follows from quantifier elimination in the language of 
ordered rings -L rtn!i U {<}: Any definable subset of a real closed field is a finite union of 
intervals and points, and in particular not a valuation ring. The fact that separably closed 
fields do not admit any definable valuations is explained in BKoe941 Introduction, p. 1], 
Hence, we focus on henselian fields which are neither separably closed nor real closed. 
Any such field K interprets a finite Galois extension F such that for some prime p, the 
canonical p-henselian valuation v p F is ©-definable and non-trivial (cf. Section[2]for the def¬ 
inition of the canonical p-henselian valuation). This valuation is in particular comparable 
to any henselian valuation on F. If v P F is already henselian, then its restriction to K gives a 
non-trivial definable henselian valuation on K. If v p F is non-henselian, then any henselian 
valuation on F is a coarsening of v p F . Thus, the task of finding definable henselian valua¬ 
tions on F (and thus on K ) comes down to defining (henselian) coarsenings of v p F . 

We use two different methods to define coarsenings of a given (definable) valuation on 
a field F: In Section[3] we introduce p-antiregular ordered abelian groups. The case dis¬ 
tinction between p-antiregular and non-/;-antiregular value groups is a key step in several 
of our proofs. We also show how to define, for any prime p, the maximal /^-divisible quo¬ 
tient of an ordered abelian group (without any parameters). The construction should be 
well-known to anyone with a good knowlegde of definable convex subgroups of ordered 
abelian groups. However, our approach is rather short and self-contained and should be 
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easily accessible to anyone with an interest in valuation theory. The main result of the sec¬ 
tion is Pronosition l3.71 which gives conditions on the value group of a henselian valuation 
under which some non-trivial coarsening is 0-dehnable. In this section, we also discuss the 
construction of a field which will be helpful in examples and counterexamples at several 
points later on (see Example 13. 8 b . 

The other method we use is introduced in Section [4] Here, we discuss a certain class 
of parameter-definable convex subgroups of ordered abelian groups. Again, our treatment 
is rather short and self-contained. This gives us the means to find a definable henselian 
valuation on K whenever some henselian valuation on K has a non-divisible value group 
(Proposi ti on 14.2b . 

We then proceed to apply these two basic constructions to give criteria for the existence 
of ©-definable and definable henselian valuations. These criteria are phrased in terms of 
the value group VkK and the residue held Kvk of the canonical henselian valuation vk on 
K (cf. Section[2]for the definition of Vk). 

In Section 0 we discuss the existence of a non-trivial ©-definable henselian valuation 
on a held K. Here, our main result is the following: 

Theorem A. Let K + K sep be a henselian field. Then K admits a %-definable non-trivial 
henselian valuation unless 

(1) Kv k + Kv^ p and 

(2) K\’k is t-henselian and 

(3) VkK is p-antiregular for all primes p with VkK + pv^K (e.g., ifvxK is divisible). 

See Section [3 for the definition of r-henselianity. Note that the case that K is real 
closed is covered by the ‘unless’ setting: In this case, Kvk is an archimedean ordered 
real closed held and hence f-henselian without being henselian. The theorem implies that 
every (non-separably or non-real closed) henselian held of hnite transcendence degree over 
its prime held admits a non-trivial ©-definable henselian valuation (Corollary 15.2b . As 
another consequence, we get a classihcation of all helds with small absolute Galois group 
admitting ©-definable henselian valuations, provided that the canonical henselian valuation 
has residue characteristic 0 (Corollarv l5.3l) . However, the conditions described in Theorem 
IaI are not sufficient for a full characterization of helds admitting ©-definable non-trivial 
henselian valuations (see Example [531 and Proposition l5.5l >. 

In Section [3 we discuss the existence of a non-trivial dehnable henselian valuation on 
a held K. Here, we prove the following: 

Theorem B. Let K + K scp be a henselian field. Then K admits a definable non-trivial 
henselian valuation (using at most 1 parameter) unless 

(1) Kvk + Kv^ p and 

(2) Kvk is t-henselian and 

(3) VkK is divisible. 

Furthermore, in equicharacteristic 0, this Theorem gives rise to a characterization of 
henselian helds admitting non-trivial dehnable henselian valuations (cf. Corollary |6. 11 1. We 
also give an example of a henselian held without a dehnable non-trivial henselian valuation 
and an example of a henselian held which admits a dehnable non-trivial henselian valuation 
but no ©-definable such. 

We study the existence of (0-)dehnable (p-)henselian valuations tamely branching at p 
in the last section (which also contains the dehnition of tamely branching valuations). By 
the results in !KoeQ3L these are exactly the henselian valuations encoded in the absolute 
Galois group Gk of a held K. Our main result in this context is as follows: 
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Theorem C. Let K be afield and p a prime. 

(1) If K admits a henselian valuation v tamely branching at p, then K admits a defin¬ 
able such (using at most 1 parameter). 

(2) Assume f p eK and, in case p — 2 and char(A') = 0, assume also V-T e K. If K 
admits a p-henselian valuation tamely branching at p, then K admits a (d-definable 
such. 

This theorem is an immediate consequence of Propositions 17. 2l and l7. 91 As an applica¬ 
tion, we also obtain some Galois-theoretic consequences (cf. Corollaries 17. 3 1 and 17.81) . 

2. Canonical (/>)henselian valuations 

Throughout the paper, we use the following notation: For a valued field ( K , v), we write 
Kv for its residue field and vK for its value group. Furthermore, we denote the valuation 
ring of v' by 0 Y and its maximal ideal by m v . If p + chart AT) is a prime, we write f p e K 
to denote that K contains a primitive pth root of unity. For basic facts about (p-jhenselian 
valued fields, we refer the reader to HEP05I . 

2.1. The canonical henselian valuation. Let K be a henselian field, i.e., assume that 
K admits some non-trivial henselian valuation. In general, K may admit many non-trivial 
henselian valuations, however, unless K is separably closed, they all induce the same topol¬ 
ogy on K. When we ask which henselian fields admit a definable non-trivial henselian 
valuation, we do not specify which one should be definable. In all our constructions, we 
define coarsenings of the canonical henselian valuation. Recall that on a henselian valued 
field, any two henselian valuations with non-separably closed residue field are comparable. 

The canonical henselian valuation \’k on K is defined as follows: If K admits a henselian 
valuation with separably closed residue field, then vk is the (unique) coarsest such. In this 
case, any henselian valuation with non-separably closed residue field is a proper coarsen¬ 
ing of \’k and any henselian valuation with separably closed residue field is a refinement 
of \’k- If K admits no henselian valuations with separably closed residue field, then Vk is 
the (unique) finest henselian valuation on K and any two henselian valuations on K are 
comparable. 

2.2. The canonical p-henselian valuation. Let K be a field and p a prime. We define 
K(p) to be the compositum of all Galois extensions of K of p-power degree. A valuation 
v' on K is called p-henselian if v extends uniquely to K(p), furthermore, we say that K 
is p-henselian if it admits a non-trivial p-henselian valuation. Note that every henselian 
valuation is p-henselian for all primes p but, in general, not vice versa. 

Similarly to the henselian sitatuation, there is a canonical p-henselian valuation. Here, 
one replaces the notion of ‘separably closed’ by ‘admitting no Galois extensions of degree 
p’. Again, on a p-henselian field, any two p-henselian valuation whose residue fields admit 
Galois extensions of degree p are comparable. The canonical henselian valuation v P K on K 
is defined as follows: If K admits a p-henselian valuation with residue field not admitting 
Galois extensions of degree p, then v p K is the (unique) coarsest such. In this case, any p- 
henselian valuation with residue field admitting Galois extensions of degree p is a proper 
coarsening of v P K and any p-henselian valuation whose residue field does not admit such 
extensions is a refinement of v P K . If there are no p-henselian valuations with residue field 
not admitting Galois extensions of degree p on K, then v p K is the (unique) finest p-henselian 
valuation on K. Whenever K admits a non-trivial p-henselian valuation, v p K is non-trivial 
and comparable to all p-henselian valuations on K. 
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Unlike the canonical henselian valuation, in most cases the canonical p-henselian valu¬ 
ation is definable in f r mg- 

Theorem 2.1 (Main Theorem in IIJK14bin . Let p be a prime. Consider the (elementary) 
class of fields 

‘Kp := {K 4 Kip) \ e K in case chaifW) + p 

and V—T 6 K in case p — 2 and char(A') = 0}. 

Then, the canonical p-henselian valuation is uniformly (D-definable in 'Kp, i.e. there is a 
parameter-free f r i ng -formula <p p (x) such that in any K € 'K p we have 

<P P (K) = O v r,. 

3. Antiregular value groups 

In this section, we use specific properties of the value group of the canonical p-henselian 
valuation to define (henselian) coarsenings without parameters. We first recall some work 
by Hong on defining valuations with regular value groups which we make use of in some of 
our proofs. We then define a property of ordered abelian groups which we call antiregular 
and show a definability result for non-antiregular value groups. Throughout the section, 
all quotients of ordered abelian groups considered are assumed to be quotients by convex 
subgroups. 

Definition. Let T be an ordered abelian group and p a prime. Then, T is p-regular if all 
proper quotients ofY are p-divisible. Furthermore, T is regular if it is p-regular for all 
primes p. 

Note that p-regularity is an elementary property of T: 

T is p-regular <=> Vy 0 . • • •, J P (To < • • ■ < y p -» 35 (y 0 < p6 < y P )) 

Furthermore, an ordered abelian group is regular if and only if it is elementarily equivalent 
to an archimedean ordered group. See [ Zak6U for more details on (p-)regular ordered 
abelian groups. Hong proved the following definability results about (p-)henselian valua¬ 
tions with (p-)regular value groups. 

Theorem 3.1 ( IIHonl41 Theorems 3 and 4]). Let (K, v) be a valued field. 

(1) Assume that (K. v') is p-henselian and that we have f p € K in case charl/f) 4 p. If 
vK is p-regular and not p-divisible, then v is definable. 

(2) If(K, v') is henselian and vK is regular but not divisible, then v is (D-definable. 

We can use this theorem to give an example of a field admitting both definable and 
non-definable non-trivial henselian valuations. 

Example 3.2. Consider the field K = R((Q))((Z)) (for details on power series fields see 
IEfr061 §4.2]). This field admits exactly two non-trivial henselian valuations: The power 
series valuation iq with residue field R((Q)) and value group Z is henselian and has no 
non-trivial coarsenings as its value group has (archimedean) rank 1. Furthermore, as 
R is non-henselian, the power series valuation u with value group Q and residue field R 
is the only non-trivial henselian valuation on the field R((Q)). Thus, V\ has exactly one 
henselian refinement iq, namely the refinement of iq by u, with value group Z © Q ( ordered 
lexicographically) and residue fields. 

As v\K is regular and non-divisible, vq is (d-definable by Theorem \3.1\ We claim that 
\’2 is not %-definable: Note that we have R = R((Q)) in firing since R((Q)) is also real 
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closed (see 1EP051 Lemma 4.3.6 and Theorem 4.3.7]). Furthermore, there is an elementary 
equivalence of lexicographically ordered sums Z © Q © Q s ZffiQin -Coag = {+, <, 0} since 
finite lexicographic sums preserve elementary equivalence nlGir88l proof of Theorem 3.3]) 
and the fi oag -theory of divisible ordered abelian groups is complete f lMar02l Corollary 
3.1.17]). The Ax-Kochen/Ersov Theorem f flPDiTi Theorem 4.6.4]) implies that 

(K,v 2 ) = (R((Q)) ((Q)XCZ)), w\) = (R ((Q))((Q))((Z)) ,w 2 ) 

W j W>2 

holds. Thus, v 2 cannot be lb-definable: Any parameter-free first-order definition ofv 2 would 
have to define both wi and w 2 on the field R((Q))((Q))((Z)). 

Moreover, v 2 is not even definable with parameters: By I IDF961 Theorem 4.4 and Re¬ 
mark 3 on p. 1147], on any field K the only possible definable henselian valuation with 
real closed residue field is the coarsest such. As Vi is a proper coarsening of v 2 with real 
closed residue field, v 2 is not definable. 

We now define an antipodal property to /7-regularity. 

Definition. Let T be an ordered abelian group and p a prime. Then, T is /7-antiregular if 
no non-trivial quotient ofF is p-divisible and T has no rank-1 quotient. Furthermore, T is 
antiregular if it is p-antiregularfor all primes p. 

Here, an ordered abelian group has rank 1 if its archimedean rank is 1. Again, p- 
antiregularity is an elementary property of T: 

T is /7-antiregular <=> Vy3dVe(|e| < p\y\ —» 6 + s i pF) 

with the standard notation \y\ max{y, -y}. 

Example 3.3. Antiregular ordered abelian groups: For i e Z, let Z, be a copy of Z as an 
ordered abelian group. Consider the lexicographically ordered sums 

L := (^j^) /., and A := Z\. 

i(zZ icZ, i<0 

Then both T and A are antiregular, as all of their non-trivial quotients are either isomorphic 
to T or A, so in particular no quotient is p-divisible for any prime p nor of rank 1. The 
element (..., 0,0,0,1) € A is a minimal positive element, and T has no minimal positive 
element. Thus, we have 

FZ A 

as ordered abelian groups. Note that any ordered abelian group which has an antireg¬ 
ular quotient is again antiregular, so there are many examples of elementary classes of 
antiregular ordered abelian groups. 

Question 3.4. Is there a similar (first-order) classification for antiregular ordered abelian 
groups as there is for regular ones? 

We now collect some useful facts about antiregular ordered abelian groups. 

Lemma 3.5. Let T 4- {0} be an ordered abelian group. 

(1) If T is p-antiregular, then we have [T : pT] = oo. 

(2) IfF < P and the index [P : T] is finite, then T is p-antiregular if and only ifF' is 
p-antiregular. 
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Proof. (1) If [r : pF] = n, let [x\,.. ,x„ } be a system of representatives for F/pF. 
Consider the convex subgroup A < T generated by {x\ ,..., x,,}. Then, the quotient 
T/A is /j-clivisible. If the quotient is trivial, then T has finite archimedean rank 
(and hence a rank-1 quotient), otherwise T has a non-trivial /^-divisible quotient. 
In either case, T is not p-anti regular. 

(2) Consider ordered abelian groups T < P with [F : T] finite. Then, there is a one- 
to-one correspondence between convex subgroups A' of T' and convex subgroups 
A of T with A'nT = A and furthermore [A' : A] finite. In particular, F'/A' is 
p-divisible if and only if T/A is p-divisible and F'/ A' has rank 1 if and only if T/A 
has rank 1. Thus, P is p-antiregular if and only iff is. 

□ 

The next lemma gives the means to define a coarsening of a 0-definable valuation with 
non-antiregular value group without parameters. 

Lemma 3.6. Let T be an ordered abelian group and p prime. Define 

D := { A < T | A convex and T/A is p-divisible ). 

Then, we have: 

(1) Ao := n A is a convex subgroup ofF such that F/ Aq is p-regular. 

AeD 

(2) If T + pT holds and every p-regular quotient of T is p-divisible then Ao is id- 
definable: For any y € T, we have 

y e Ao <==> 3sVar(|ar| < \y\ —> s - a £ pF). 

Proof. (1) Since all convex subgroups of T are linearly ordered by inclusion, it is clear 
that Ao is a convex subgroup of T. Every non-trivial convex subgroup of F /Ao is 
of the shape A/Ao for some AeD. Hence, 

(T/Ao)/(A/Ao) = T/A 
is p-divisible and so F/Aq is p-regular. 

(2) As all p-regular quotients of T are p-divisible by assumption, T/Ao is p-divisible. 
Assume y e Ao. Let (y) be the convex hull of the subgroup generated by y in Ao. 

We claim that Ao /(y) is not p-divisible. Assume for a contradiction that Ao /(y) 
was p-divisible. Then, as T/Ao is p-divisible, we also get that F/(y) is p-divisible. 
This implies (y) e D and hence Ao = (y). In particular, as Ao is not p-divisible, 
we get p ■f y. Consider the maximal convex subgroup B y of Ao such that y i B y , 
i.e. 

By := {6 e Ao | Vn e Z : \n ■ 6\ <y). 

Now, Ao /By is a non-p-divisible rank-1 quotient of Ao and thus of T. Hence, T 
has a non-p-divisible p-regular quotient, contradicting our assumption on T that 
no such exists. This proves the claim. 

By the claim, we can choose some s e A 0 \ (y) such that 

£ + <7> t p(A 0 /Cy» 

holds. Hence, for any a e (y), we have 

e — a £ pAo = pT n Ao. 

Thus, we have for all y € Ao 

T |= 3eVa(|a| < \y\ —» e - a i pF). 
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Conversely, if y f Ao holds then we have y f A for some A e D. As Y/A is 
p-divisible, for every sef there is some a e A such that s - a e pY holds. Thus, 
we have for all y 6 T \ Ao 

T |= Ve3a (lal < \y\ A e - a € pT). 


□ 

Remark. Let T be an ordered abelian group and p a prime as in the assumptions of Lemma 
ITT)} 2). i.e., assume thatY + pY holds and that every p-regular quotient of Y is p-divisible. 
Define Ao as before. An alternative way to show that Ao is f-definable is to check that one 
has 

Ao = J Y a , 
aeS p 

for S p andY a as defined in ICH111 Definition 1.1]. 

We can now prove our first result on defining henselian valuations without parameters. 

Proposition 3.7. Let (K,v) be a henselian field and p a prime. If the value group vK is 
not p-divisible and not p-antiregular, then some non-trivial (henselian) coarsening ofv is 
(d-definable on K. 

Proof. Assume that vK is not p-divisible and not p-antiregular. In case chart AT) + p, 
we may assume that K contains a primitive pth root of unity f p . As v is henselian, it 
extends uniquely to a henselian valuation tronf := K(f p ). By Lemma 1331 the value 
group wF of the prolongation is again non-p-divisible and not p-antiregular. As K(fi p ) is 
0-interpretable in K, any parameter-free definition of a non-trivial coarsening of w gives 
rise to a parameter-free definition of a non-trivial coarsening of v. In particular, the non-p- 
divisibility of vK now implies K + K(p). 

If vK admits a non-p-divisible rank-1 quotient, then the corresponding coarsening is 
0-definable by Theorem l3.ll 

Otherwise, vK admits some non-trivial p-divisible quotient by assumption. If vK admits 
a non-p-divisible p-regular quotient, then the corresponding coarsening is definable by 
Theorem l3.ll say via the formula fix, t) for some parameter t e K. Note that vK has at most 
one non-p-divisible p-regular quotient and that no proper refinement of v has p-regular 
value group. In particular, there is only one p-henselian valuation with non-p-divisible p- 
regular value group on K. By HKoe951 Theorem 1.5], p-henselianity is an i] nng -elementary 
property of a valuation ring. Thus, the set 

X — {t e K | 0 Wt <p{K, t ) is a p-henselian valuation ring 
with w,K + p ■ w t K and w,K p-regular) 

is 0-definable. Hence, the parameter-free formula 

fix) = 3t e X ix e <f>(K, t )) 

defines the unique p-henselian valuation with non-p-divisible p-regular value group on K 
which is a non-trivial coarsening of v. 

Finally, assume that the value group vK of v only has p-divisible p-regular quotients; 
in particular, vK is not p-regular. As v is henselian, v is comparable to the canonical p- 
henselian valuation v p K . In case v p K is a coarsening of v, we have found an 0-definable 
coarsening of v. Otherwise, the value group of the canonical p-henselian valuation v p k K 
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also admits only p-divisible //-regular quotients. Thus, Lemma 13.61 applies and Aq is 0- 
definable in v p k K. Now, the corresponding non-trivial 0-definable coarsening w of v p K has 
//-divisible value group and is hence also a coarsening of v. 

Note that any coarsening of a henselian valuation is again henselian. Thus, we have 
shown that if v is henselian and vK is non-//-divisible and not p-antiregular, then some 
non-trivial, henselian coarsening of v is 0-definable. □ 

Next, we repeat the construction given in 1PZ78I of a held which is elementarily equiv¬ 
alent in Siring to a henselian held but which does not admit any non-trivial henselian valu¬ 
ation. Following 1PZ78I . we dehne: 

Definition. Afield K is called /-henselian if there is some henselian field L with L = K. 

Fields which are f-henselian but non-henselian play an important role in several of the 
examples in this paper: Consider a held K which is f-henselian but not henselian. Clearly, 
no held elementarily equivalent to K can admit a 0- definable non-trivial henselian val¬ 
uation. However, for the held K as discussed in the following example, any henselian 
held elementarily equivalent to K admits a parameter-definable henselian valuation (see 
Example I5.4I >. This follows from the fact that the canonical 2-henselian valuation v\ is 
0-dehnable and has an antiregular value group. 

Example 3.8. A f-henselian held which is not henselian: Let Kq := Q alg , and let v () be the 
trivial valuation on Kq. For n > 1, one iteratively constructs valued fields (K n ,v„) with 
v„K n = Z and K n v n = K n ^\ and such that Hensel’s Lemma holds for polynomials of degree 
at most n as follows: Choose a minimal algebraic extension K„ of K n ^\(X n -\) with 

K n -\(X n -\) c K n c 

such that Hensel’s Lemma holds on (K n . v n ) for polynomials of degree at most n, where v„ 
is the restriction of the power series valuation on K n -i(fX n - 1 )) to K„. One can of course 
choose K\ = Ko(Xq) with Vi the Xo-adic valuation, as Hensel’s Lemma holds trivially for 
all polynomials of degree 1. Note that we get a place p n : K n —> K n ^\ U {oo} with is 
p-henselianfor all primes p < n. 

The field K is then taken as the inverse limit of 

(K„ U oo,p„) with projections s„ : K U {oo} —> K n -\ U {oo}. 

It follows from the arguments given in IPZ781 p. 338] that K admits no non-trivial henselian 
valuation. 

The canonical 2-henselian valuation v 2 K on K now corresponds to the place 

S 2 : K —> K\ U {oo} 

as p„ is 2-henselian if and only if n > 2. As usual, the quotients of v 2 k K correspond to the 
value groups of coarsenings of v 2 K . Since the coarsenings of v 2 K correspond to the places s„ 
for n > 2 and none of them has a p-divisible value group for any prime p or has a value 
group of rank-1, we conclude that the group v 2 k K is antiregular. 

4. Defining coarsenings of valuations using subgroups 

In this section, we discuss a class of parameter-definable convex subgroups of an or¬ 
dered abelian group. The motivation for this comes from BAEJ87L We then apply our 
construction to show that a held admitting a henselian valuation with non-divisible value 
group admits a non-trivial parameter-dehnable henselian valuation. 
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Lemma 4.1. Let I be an ordered abelian group and p a prime. Take any y 6 T with y > 0 
and define 

A y :={5er|[0,p-|<S|]£[0,p-y]+pr} 

where [b| = max{b, —b). Then A y is a convex {y}-definable subgroup ofF with y € A y . 
Furthermore, no non-trivial convex subgroup of T/A y is p-divisible. 

Proof. By definition, A r is a {y}-dcfi liable convex subset of F containing y with A y = -A y . 
We now show that A r is a subgroup of T. As A r is convex, it suffices to show that for all 
5 e A y we have 5 + 5 e A r . Since we have A y = -A y , it suffices to consider the case 6 > 0. 
Take any 6 e A y with 6 > 0 and fie F with 

0 < |0 <p-(6 + 6). 

In case we have |/J| < p ■ 6 we immediately get |/J| e [0, p • y] + pF. Otherwise, we have 
p ■ S < \fi\ < p ■ (6 + 6), so we get \f3\ - p6 < p6. This implies again \f \ e [0, p ■ y] + pF. 
Overall, we get [0, p ■ (5 + 5)] c [0, p ■ y] + pF , i.e., 6 + 6 e A y as required. 

Let A < T be a convex subgroup with A r c A. If A/A r is p-divisible, then for any 6 e A 
there is some 5 € A y with 5 - 5 e pF. Fix some 5 e A and take any p e [0, p ■ [b[] c A. 
Then, there is some fi e A y with 

P G fi + pF c [0, p ■ y] + pF. 

Thus, we get 6 e A y and hence A = A y . As any convex subgroup of T/A y corresponds to 
a subgroup A < T as above, we conclude that T/A y has no non-trivial p-divisible convex 
subgroup. □ 

If T is the value group of a definable valuation v on a field K, the construction in the 
Lemma gives rise to a definable coarsening of v. As discussed in the next remark, this is a 
special case of a construction introduced by Arason, Elman and Jacob (see I AEJ87 1). 

Remark. Let (K , v) be a valued field and t e m v . Consider the set 

T, := { x 6 K x | 3z : v(t~ p ) < v(xz p ) < v(f )}. 

It is straightforward to check that if v is lb-definable, T, is a t-definable subgroup of K x . 
In I AEJ871 . the authors introduce a method how to obtain definable valuation rings from 
certain definable subgroups of K x and discuss conditions under which this valuation ring 
is non-trivial. Using the notation and machinery from HAEJ87I (in particular Theorem 
2.10 and Lemma 3.1), one can show that there is a valuation ring 0(T t , T t ) C K which is 
trivial if and only ofT, = K x . 

Now, let A v (p be the convex subgroup ofvK as defined in Lemma \4J\ The valuation ring 
0(T,, T,) is exactly the coarsening ofv which is obtained by quotienting vK by the convex 
subgroup A,,( f) . This valuation can also be described as the finest coarsening w ofv such 
that we have t € O x and such that no non-trivial convex subgroup ofwK is p-divisible. 

Pronosition l3.7l and Lemma l4~Tl are the two main ingredients needed to show that on any 
field admitting a henselian valuation with non-divisible value group there is a non-trivial 
definable henselian valuation: 

Proposition 4.2. Assume that some henselian valuation v on K has a non-divisible value 
group. Then, some non-trivial (henselian) coarsening ofv is definable on K (using at most 
1 parameter). 
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Proof. Let ( K , v) be henselian such that vK is not p-divisible for some prime p. If vK is not 
p-antiregular, then it admits a ©-definable non-trivial coarsening by Pronosition l3.7l Thus, 
we may assume that vK is /;-anti regular which means that it has no non-trivial /^-divisible 
quotient and no rank-1 quotient. 

Consider F := K(f p ) in case char(fif) 4 p\ By Lemma [331 the unique prolongation w 
of v to K(fi p ) will again have non-p-divisible and /;-antiregular value group. If we define 
a coarsening of w with parameters from K on F, its restriction to K is also definable (with 
parameters from K). If char(k') = p, we set F := K. 

We now have F 4 F(p) and - as [F : K] is prime to p - for any t e rrt„ with p \ v(t) 
we get p \ w(t). By construction, v P F is ©-definable on F. Note that, by henselianity, w 
is comparable to v P F . If v P F is a coarsening of w, we have found a non-trivial ©-definable 
coarsening of w (and thus of v). Hence, we may assume that v p F refines vv. 

Choose any t e m v c m w with p \ v(t'). Then, we also have p \ w(t) y. Define 

T := wF and consider the convex subgroup 

A r = {<5 e T | [0,p ■ |<5|] £ [0, p -y] + pF) 

of T as in Lemma 14711 We claim that A y 4- F holds. Assume for a contradiction that we 
have Ay = T. Let (y) denote the convex subgroup of F generated by y. Then, we have for 
all 6 6 Ay = T that 

|d| e [0, p ■ y] + pT c (y) + P F 

holds. Thus, F/(y) is p-divisible, and thus - as T is p-antiregular - trivial. Now, the 
maximal convex subgroup of T not containing y, i.e. 

By := { 6 G r | Vh g Z : \n ■ 6\ < y }, 

is a proper convex subgroup of T such that F/B y has rank 1. This contradicts the p- 
antiregularity of T. Thus, we conclude F A A y . 

Hence, the coarsening of w which corresponds to quotienting wF by A y is a non-trivial 
{t [-definable coarsening of w. Its restriction to K is a non-trivial {f}-definable coarsening 
of v. □ 


5. Definitions without parameters 

We are now in a position to prove our main theorem on the existence of a parameter-free 
definable henselian valuation on a henselian field as stated in the introduction: 

Theorem A. Let K 4- K sev be a henselian field. Then K admits a (d-definable non-trivial 
henselian valuation unless 

(1) Kv k 4 and 

(2) K\’k is t-henselian and 

(3) \’kK is p-antiregularfor all primes p with v^K 4 pv^K (e.g., ifvi;K is divisible). 
Proof. Let K 4 K sep be a henselian field. In case 

(-T) K\’k = Kv s f p , then K admits a ©-definable henselian valuation by IJK14al Theorem 
3.10]. 

(->2) Kvk is not /-henselian, then K admits a ©-definable henselian valuation by I FJ141 
Proposition 5.5]. 

(-i3) Vf(K is non-/>di visible and not /;-anti regular for some p then some non-trivial (hen¬ 
selian) coarsening of vk is ©-definable by Pronosition l3.7l 
Hence, if K does not satisfy one of the conditions (l)-(3) occuring in the theorem, then K 
admits a non-trivial ©-definable henselian valuation. □ 
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Note that real closed fields are subsumed in the ‘unless’ setting: If K is henselian and 
real closed, then Kvk is real closed (and thus f-henselian and not separably closed) and 
\’kK is divisible. 

We first draw some conclusions from TheoremlAl 

Corollary 5.1. Let K be a non-separably closed henselian field with Gk small or trdegf AT) 
finite. Then K admits a (D-definable henselian valuation unless \’k K is divisible and Kvk is 
t-henselian but not separably closed. 

Proof. Let K be henselian and assume K 4 K sep . If K admits no 0-definable henselian 
valuation then, by Theorem|A] Kv K is f-henselian but not separably closed. If v^K is not 
divisible, TheoremlAl implies that vkK is p-antiregular and not p-divisible for at least one 
prime p. 

Let K be a field of finite transcendence degree or such that Gk is small. Then, the 
index [vkK : pv K K) is finite for any prime p. Hence, Lemma I3.nl implies that vkK is not 
p-antiregular. □ 

Corollary 5.2. Let K be a henselian field, neither separably closed nor real closed, and 
assume trdeg(A') finite. Then K admits a ID-definable henselian valuation. 

Proof. Assume trdeg(A') finite and K 4 K sep . By Corollary 15.11 K admits a 0-definable 
henselian valuation unless K\’k is f-henselian but not henselian. However, [ EP051 Theorem 
3.4.2] implies that trdeg(A'vx-) is also finite. By IKoe041 Lemma 3.5], every f-henselian 
field of finite transcendence degree is henselian. Thus, K\’k cannot be f-henselian but not 
henselian. □ 

Corollary 5.3. Let K be a henselian field with Gk small and char(AT^) = 0. Then K 
admits no ID-definable henselian valuation iff K = K\’k- 

Proof. Let K be a henselian field with Gk small, char(AT^) = 0, which does not admit 
a 0-definable henselian valuation. Corollary 15. II implies that vkK is divisible and Kv k is 
f-henselian. By I PZ781 Lemma 3.3], there is some henselian L > Kv k . Note that Gkv k , and 
hence Gl, is also small. Using Corollary 15. 1 1 once more, we get that Lvl is f-henselian and 
vjL is divisible. Since the restriction of 17 to Kv k is trivial, we have char (Lvf) = 0. Using 
the Ax-Kochen/Ersov Theorem (I PD 111 Theorem 4.6.4]) several times, we conclude 

Kv k = L = Lv l ((Q)) = Lv l ((Q))((Q)) = L((Q)) = Kv k ((Q)) = K. 

On the other hand, if K = Kv k , we have that K is either separably closed (and hence admits 
no non-trivial 0-definable henselian valuation) or - by the definition of v K - that Kv k is 
f-henselian but not henselian. In the latter case, K cannot admit a 0-definable non-trivial 
henselian valuation as otherwise Kv k would be henselian. □ 

Note that by 1FJ14[ Construction 6.5 and Proposition 6.7], there are fields with small 
absolute Galois group which are f-henselian but not henselian. Hence, there are henselian 
fields with small absolute Galois group which admit no non-trivial 0-definable henselian 
valuation. Furthermore, Example l 6 . 21 shows that there are henselian fields with small ab¬ 
solute Galois group not admitting any non-trivial definable henselian valuation. 

We now give an example illustrating that, in general, Theorem[A]does not give rise to a 
full classification which henselian fields admit 0 -definable henselian valuations: 

Example 5.4. A field admitting an 0-definable henselian valuation satisfying conditions 
(l)-(3) in TheoremlAl Let K be the field as constructed in Example \3.8\ so K is elementar¬ 
ily equivalent to a henselian field but not henselian and v 2 K is (D-definable and p-antiregular 
value group for all p. 
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Consider the canonical henselian valuation Vl on L - K((Q)). Note that v/, is the 
power series valuation on L, thus viL = Q is divisible and Lvl = K is t-henselian but 
not separably closed. In particular, it does not follow from Theorem 0 that L admits a 
ID-definable henselian valuation. 

We claim that vl is ID-definable. Fix any prime p. As K is 2-henselian, v\ refines vl- 
Thus, v 2 l L has a p-divisible quotient (namely Q) and is therefore not p-antiregular. Fur¬ 
thermore, v 2 is the composition ofvi and v 2 K , so - as v 2 k K is p-antiregular - Q is the only 
p-regular quotient of v 2 l L. Hence, v~ l L has no non-p-divisible p-regular quotient and so 
some non-trivial convex subgroup with p-divisible quotient is ID-definable in v 2 l L by Lemma 
\3.6\ However, L\’i is the only such quotient and v 2 is 0- definable by Theorem \2.1\ Thus, Vl 
is ID-definable. 

The arguments given in the Example above can in general be used to prove the following 
partial converse to TheoremlAl 

Proposition 5.5. Let K be a henselian field with chart AT*•) = 0. If 

(1) Kvk < L for some henselian L with vjL non-divisible and 

(2) \’kK is divisible 

then K admits a ID-definable non-trivial henselian valuation. 

Proof. Let K be a henselian field such that Kv k < L for some henselian L with \ : / L non- 
divisible. Fix a prime p with v/L + pvjL. Then, in particular, L is not separably closed 
and hence neither are Kvk nor K. Since Kv K is /-henselian but not henselian, L admits no 
0-definable non-trivial henselian valuation. Thus, by Theorem[A] \'/ L is p-antiregular. 

Consider the field M L({v k K)) with the power series valuation w. By the Ax- 
Kochen/Ersov Theorem HPD1II Theorem 4.6.4], we have 

IK, v K ) = (M, w). 

Note that v«M = v K K © vjL holds (with the sum ordered lexicographically). Therefore, 
\’mM is not p-divisible and not p-antiregular. Hence, M admits a 0-definable non-trivial 
henselian valuation by Theorem|A] Thus, K also admits a 0-definable non-trivial henselian 
valuation. □ 

It would be very interesting to have a complete classification for the existence of non¬ 
trivial 0-definable henselian valuation. A necessary condition is that any elementarily 
equivalent field also admits a non-trivial henselian valuation. We now ask whether this 
condition is also sufficient: 

Question 5.6. Let K be a henselian field such that any L = K is henselian. Does K admit 
a non-trivial ID-definable henselian valuation? 

It follows immediately from the Corollaries 15. 2l and 15. 3l that if K is a henselian field of 
finite transcendence degree or which has a small absolute Galois group such that addition¬ 
ally (chart A"), chart AT/T) = (0,0) holds, the answer to this question is positive. 

6. Definitions with parameters 

Theorem B. Let K T A' sep be a henselian field. Then K admits a definable non-trivial 
henselian valuation (using at most 1 parameter) unless 

(1) Kvk + Kv^ v and 

(2) K\’k < L for some henselian L with VjL divisible and 

( 3) vkK is divisible. 
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Proof. Let K 4 K sep be a henselian field. By Theorem lAl we get an 0-definable non¬ 
trivial henselian valuation on K unless we have Kvk 4 Kv^ p , Kvk f-henselian, \’k K is 
p-antiregular for all primes p with \’kK 4 p ■ \’kK■ 

If Kvk is /-henselian, then there is some henselian L > K\’k by [ PZ78I , Lemma 3.3]. 
In case there is some such L with Lvp non-divisible, then K again admits a non-trivial 
0-definable henselian valuation by Pronosition l5.5l 

If \’kK is not p-divisible for some prime p, some non-trivial (henselian) coarsening of 
vk is definable using at most 1 parameter by Proposition |4j2] 

Thus, if one of the conditions (1 )-(3) fails for K, then K admits a definable non-trivial 
henselian valuation (using at most 1 parameter). □ 

In equicharacteristic 0, we can show a full converse to TheoremlBl 

Corollary 6.1. Let K 4 K sep be a henselian field with cha t(Kvk) = 0. Then K admits a 
definable non-trivial henselian valuation if and only if not 

(1) Kv k 4 and 

(2) Kv k < L for some henselian L with vpL divisible and 

(3) \’kK is divisible. 

Proof. Let K 4 K sep be a henselian field with char (Kvk) = 0 such that we have 

(1) Kvk 4 Kv^ v and 

(2) Kv k < L for some henselian L with v/ L divisible and 

(3) \’kK is divisible. 

We need to show that K admits no definable non-trivial henselian valuation. The key ar¬ 
gument of the proof is relative quantifier elimination in the Denef-Pas-language, however, 
we first need to do some work to set the situation up. 

Since we have Kvk 4 Kv s ^ p , any henselian valuation is a coarsening of \’k- Take 
L > Kvk with v/ L divisible. Note that as the extension Kv K c L is regular, the restriction 
of Vl to Kv k is henselian and hence trivial. Thus, we also get char(Liv) = 0. 

We claim that we have vpF divisible for all F > Kv k . Note that as Kv k is f-henselian but 
not henselian, no field elementarily equivalent to Kvk can admit a non-trivial 0-definable 
henselian valuation. Furthermore, the Ax-Kochen/Ersov Theorem (I1 PD 11 Theorem 4.6.4]) 
implies 

Kv k = L = Lv l ((Q)) = Lv l ((Q))((Q) ee L(( Q)) = Kv k (( Q)). 

Now, if there was some F > Kv k with VfF non-divisible, then - by Proposition 15.51 - 
KvkKQ)) would admit a 0-definable non-trivial henselian valuation, a contradiction. This 
proves the claim. 

Consider an No-saturated elementary extension (M, v) of (K, Vk) in -C va t = -Cri„g U {O}, 
where O is a unary predicate which is interpreted as the valuation ring. Then, vM is a 
divisible ordered abelian group and F Mv is an No-saturated elementary extension of 
K\'k in £. r i ng and thus henselian ( IIPZ78I , Lemma 3.3]). In particular, yp is non-trivial and 
hence \’m is a proper refinement of v, namely the composition of v and vp. By the claim, 
we get that VfF is divisible (and thus also \’mM). Note that the restriction of vm to Kvk is 
trivial, thus we get char(Mi'M) = 0. 

We want to consider (M, vm) as a structure in the Denef-Pas-language Tdp which is 
an extension of Thing (see HPas891 for details). A valued field (N , w) can be made into an 
-Cop-structure if and only if there is a multiplicative map ac : N —> Nw with ac(0) = 0 and 
which coincides on O* with the residue map. If there is no such map for (M, Vm), there 
is an Xi. fl /-elementary extension (M, v M ) < ( N , w) such that ( N , w) can be considered as 
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an Xop-structure since (M, vm) is henselian of equicharacteristic 0. In particular, we have 
char(lVw) = 0 and wN divisible. 

Assume for a contradiction that K admits a definable non-trivial henselian valuation, 
i.e., that some non-trivial coarsening of vk is definable. Then, via the elementary embed¬ 
ding 

(X v K ) < (M, v), 

some non-trivial coarsening of v is ,£™ g -definable on M (using the same X™ g -formula and 
the same parameters from K c M). Thus, some proper coarsening of vm is £. r i ng -definable 
in the henselian valued field (M, \’m). Furthermore, via the elementary embedding 

(Af, v M ) < (N , w), 

some proper coarsening of w is Xrmg-definable in N. 

In particular, this induces a definition of a proper, non-trivial convex subgroup of the 
divisible ordered abelian group wN. 

Note that we have char(Aw) = 0. By the relative quantifier elimination result in -Cnr 
the following holds in a henselian valued field ( N , w) of equicharacteristic 0 (see IIPas891 
Theorem 4.1]): Any X. av -dcfiliable subset of wN (using parameters from N) is already 
definable in the ordered abelian group wN (using parameters from wN). However, in a 
divisible ordered abelian group (like wN), there can be no proper, non-trivial convex defin¬ 
able subgroups. Hence, no non-trivial proper coarsening of w is definable on N and thus 
there can be no non-trivial definable henselian valuation on K. □ 

Example 6.2. A henselian field which does not admit any non-trivial definable henselian 
valuation: Refining the construction by Prestel and Ziegler as repeated in Example l.?.<S| 
one can construct a t-henselian non-henselian field k of characteristic 0 with k + k sep and 
Gk small (see BFJ14I Construction 6.5 and Proposition 6.7]). By 1 1-j 14. Proposition 5.8], 
ViL is divisible for any henselian L > k. Consider the field K := k((Q)). By Corollarv \6.1\ 
K does not admit a non-trivial definable henselian valuation. 

Example 6.3. A field L admitting a non-trivial definable henselian valuation such that 
there is some non-henselian K = L: Consider the field K as constructed in Examvle \3.8\ so 
K is t-henselian but not henselian, v 2 K is ID-definable and has an antiregular value group. 

By IP/78 . Lemma 3.3], there is some elementary extension L > K such that L is 
henselian. We claim that the canonical henselian valuation V/, on L has a non-divisible 
value group. By Theorem \2.1\ v 2 and v 2 K are defined by the same parameter-free formula. 
As antiregularity is an elementary property of an ordered abelian group, v^L is also an¬ 
tiregular. Since V]L is a quotient ofv 2 L L, it cannot be p-divisible for any prime p. 

Thus, by Theorem [B] L admits a non-trivial definable henselian valuation. Since we 
have L = K and K is t-henselian but not henselian, L does not admit any non-trivial 
ID-definable henselian valuation. 

7. Tamely branching (p-)henselian valuations 

In this section, we study (p-)henselian valuations tamely branching at p. In the first 
part, we show that every field which admits a p-henselian valuation tamely branching at 
p admits a 0-definable such and draw some Galois-theoretic conclusions. In the second 
part, we show that every field which admits a henselian valuation tamely branching at p 
admits a definable such, however, in general, parameters are required for the definition. 
We conclude that admitting a tamely branching henselian valuation is not an elementary 
property in L nng , which has again some Galois-theoretic consequences. 
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First, we recall the definition of tamely branching valuations. 

Definition. Let ( K , v) be a valued field and p a prime. We call v tamely branching at p if 

(1) char(Xv) 4 p and 

(2) vK is not p-divisible and 

(3) if[vK : pvK] = p, then Kv has a finite separable field extension of degree divisible 
by p 2 . 

7.1. Defining tamely branching p-henselian valuations. We first consider the problem 
of defining p-henselian valuations tamely branching at p. The existence of these valuations 
are encoded in the maximal pro -p quotient of the absolute Galois group of a field, as 
described by following 

Theorem 7.1 (Engler, Koenigsmann and Nogueira; Theorem 2.15 in I Koe03i ). Let p be a 
prime, K a field containing a primitive pth root of unity (in particular chart K) 4 p) and 
assume Gk(p ) 4 Z p and, if p — 2, also Gk(p) 4 Z/2Z or Z 2 x Z/2Z. Then K admits a 
p-henselian valuation tamely branching at p iff Gk(p) has a non-trivial normal abelian 
subgroup. 

We now turn to the definability of such valuations: 

Proposition 7.2. Let K be afield and p a prime such that char(Zf) 4 p holds. Assume that 
we have f p £ K, and furthermore %/-1 £ K in case p — 2 and char(W) = 0 . If K admits a 
p-henselian valuation tamely branching at p then K admits a V)-definable such valuation. 

Proof. Let v be a p-henselian valuation tamely branching at p. We split the proof into 
cases: 

(1) If Kv = Kv(p), then we have O v c O^, so the canonical p-henselian valuation v p K 
is also tamely branching at p: The fact that char (Kv p k ) 4 p is immediate. Further¬ 
more, we have v p k K = vK/A where A is the value group of the valuation v induced 
by v on Kv p k . Since we have Kv = Kv(p), we also get Kv p k — Kv P K (p) by the defini¬ 
tion of the canonical henselian valuation. Thus, A is p-divisible and - as vK is not 
p-divisible - v P K is not p-divisible. Moreover, we get [vK : pvK] = [v p k K : pv P K K], 
Thus, in case [v p k K : pv p K K] = p, Kv admits a finite separable extension of degree 
divisible by p 2 , say generated by an irreducible polynomial f(X) £ Kv[X], Any 
lift of this polynomial to O v [X] c Kv p k [X] is still irreducible and separable and 
thus also generates a finite separable extension of degree divisible by p 2 . Hence, 
in this case v P K is also tamely branching at p as claimed and, since v P K is 0-definable, 
we have found a 0-definable p-henselian valuation on K. 

(2) Kv 4 Kv(p) and chai(Kv P K ) 4 p: Then, we have O t r c O v and thus v P K K is 
not p-divisible. If Kv p k 4 Kv p K (p) holds, then v p K is again tamely branching at 
p. Now assume that we have Kv p k = Kv P K (p ) and [v p k K : pv P K K] = p. Then 
either vK is p-divisible or the value group of the valuation v p K induced by v p K on 
Kv is p-divisible. The first case cannot happen since v is tamely branching at p 
by assumption. Hence, assume that v p K induces a valuation with p-divisible value 
group on Kv. As v P K is p-henselian of residue characteristic different to p and its 
residue field admits no Galois extension of degree p, this implies Kv = Kv(p). 
Thus, we get v = v p K and so in either case v p K is a 0-definable p-henselian valuation 
tamely branching at p. 
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(3) Kv 4- Kv(p) and char (Kv p k ) = p: Define v P K K =: F and v(p) =: y. Consider the 
convex subgroup 

A r :={der|[0,p-|tf|]c[0,p-y]+pr} 

of T as in Lemma l4~Tl We claim that D y 4- F holds. Let (y) be the convex subgroup 
of F generated by y. Then, for any 6 e A y there is some /i e F with 

6- p-/3e (y). 

Note that v( p) = 0 holds, so vK is a quotient of Y/{y). As vK is not /^-divisible, 
r/ (y) is not p-divisible. Hence, we get 

Ay c (y) + pY C T. 

This proves the claim. 

By the claim, there is a non-trivial 0-definable coarsening u of v P K on K with 
value group uK = r/A y . Lemma |4~T1 implies uK 4- p ■ uK and char (Ku) 4- p. In 
particular, u is a proper coarsening of v P K . Therefore, n is p-henselian and Ku 4- 
Ku(p) holds. Hence, u is an 0-definable p-henselian valuation tamely branching 
at p. 

□ 

We now give a Galois-theoretic consequence of the above. Together with Theorem l7.ll 
Proposition l7.2l vields: 

Corollary 7.3. Let p be a prime and K a field with char( K ) A p and f p e K. Take some 
L = K. Then, ifGgip ) has a non-trivial normal abelian subgroup, so does Gi(p). 

Proof. Assume L = K. By I CvdDM80l Lemma 17], this implies Gk = G / in the language 
of inverse systems introduced in ICvdDM80l §2]. Moreover, as the maximal pro-p quotient 
of a profinite group is interpretable in this language, we even get Gk(p) = Gi(p). If 
Gk(p) = or p = 2 and either Gk(p) = Z/2Z or Z 2 x Z/2Z holds, then - as all these 
groups are small - we conclude Gx(p) = Gl(p) ( BCvdDM801 Proposition 27]). Hence, 
Gl(p ) also has a non-trivial abelian normal subgroup. 

Otherwise, K admits a p-henselian valuation tamely branching at p by Theorem 17. II 
Thus, K admits a 0-definable such valuation by Proposition 17.21 so L also admits a p- 
henselian valuation tamely branching at p. Using Theorem 17 .1 1 once more, we get that 
Gl(p) has a non-trivial normal abelian subgroup. □ 

7.2. Defining tamely branching henselian valuations. The main motivation to study 
henselian valuations tamely branching at some prime p is the fact that they are encoded in 
the absolute Galois group of the field. 

Theorem 7.4 (l; Koe031 Theorem 1], see also l'EP05 Theorem 5.4.3]). Afield K admits a 
henselian valuation, tamely branching at some prime p iff Gk has a non-procyclic Sylow 
subgroup P S Z 2 x Z/2Z with a non-trivial abelian normal closed subgroup N of P. 

The absolute Galois group of a field K is encoded up to elementary equivalence (when 
considered in a language for profinite groups) in the theory of K. We now ask whether the 
Galois-theoretic condition occuring in the Theorem above is elementary: 

Question 7.5. Let K be a field and p a prime such that K admits a henselian valuation 
tamely branching at p. Take L = K. Does L admit a henselian valuation tamely branching 
at p, i.e. is there a non-procyclic Sylow subgroup Pi J Z 2 x Z/2Z of Gl admitting a 
non-trivial abelian normal closed subgroup? 
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For a field K with small absolute Galois group, the answer to Ouestion l7.5l is ‘yes’: In 
case Gk is small, we have Gk = Gl (as pro finite groups) for any L with L = K ( 1Kli741 
Proposition 4.2]). The next Proposition gives an alternative way to see this: 

Proposition 7.6. Let K be a field and p a prime. Assume that Gk is small. If K admits a 
henselian valuation v tamely branching at p, then there is some %-definable coarsening of 
v which tamely branches at p. 

Proof. We may assume that K cotains a primitive pth root of unity f p : As in previous 
proofs, K(fp) is an 0-interpretable Galois extension of K. Let u be a henselian valuation 
on K and u' its unique extension to K(f p ). Now, as the index [K(f p ) : K] is prime to p, u is 
tamely branching at p if and only if u' is tamely branching at p. Thus, any parameter-free 
definition of a coarsening of V on K(f p ) which tamely branches at p induces an 0-definable 
such coarsening of v on K. 

Let v' be a henselian valuation on K which tamely branches at p. Then vK is not p- 
divisible and - as Gk is small - not p-antiregular (see the proof of Corollary 15. II) . Thus, 
some non-trivial coarsening w of v is 0-definable by Proposition [XT] Following the proof 
of Pronosition l3.7l we get that either the value group of w is p-regular and non-p-divisible 
or w is the finest coarsening of v with ^-divisible value group. 

We claim that there is an 0-definable coarsening w' of v» with non-p-divisible value 
group. Assume first that wK is p-regular and non-p-divisible: Then, we can choose w' = w. 
Assume now that w is the finest coarsening of v with p-divisible value group. Then, v 
induces a henselian valuation v on Kw such that its value group v(Kw) is not p-divisible 
and has no non-trivial p-divisible quotient. In particular, v(Kw) is either p-antiregular or 
has finite (archimedean) rank. As Gk k is a quotient of Gk ( IEP05I Lemma 5.2.6]), Gkw is 
also small and hence Kw admits no henselian valuation with non-p-divisible p-antiregular 
value group (see again the proof of Corollarv l5. II ). Thus, v is a henselian valuation of finite 
(archimedean) rank on Kw such that no non-trivial coarsening of it has p-divisible value 
group. In particular, v has a (henselian) rank-1 coarsening u such that the value group 
u(Kw) is not p-divisible. Hence, by HKoe041 Lemma 3.6] (alternatively Theorem G. 1 b . u is 
0-definable on Kw. Thus, the composition w' = u o w is a 0-definable henselian valuation 
on K with non-p-divisible value group. This proves the claim. 

We have now found a 0-definable coarsening w' of v such that w'K is not p-divisible. 
We claim that w' is tamely branching at p. Since w' coarsens v, we have char(A'w') 4 p. 
Assume p 2 \ Gkw- Then, as Gk v is a quotient of Gkw' (1 EP05I Lemma 5.2.6]), we also 
get p 1 \ Gkv As v is tamely branching at p, we get [vK : pvK\ + p. Furthermore, 
p 1 | Gkw implies that all valuations on Kw' have p-divisible value group. Thus, we get 
[w'K : pw'K] = [vK : pvK] 4- p. Therefore, w' is tamely branching at p. □ 

In general, Ouestion l7.5l has however a negative answer: 

Example 7.7. Consider the field K as constructed in Example \3.8\ so K is elementarily 
equivalent to a henselian field but not henselian, v 2 K is %-definable and its value group VfK 
is p-antiregular value group for all primes p. 

By I P/78, Lemma 3.4], there exists some elementary extension L > K such that L is 
henselian. We now show that the canonical henselian valuation Vl on L is tamely branching 
at all primes p. 

Note that the restriction of Vl to K is henselian and thus trivial. In particular, we get 
char(Li'i) = 0. Furthermore, V/, is comparable to v P L . Since v P L and v P K are definable by the 
same formula and p-antiregularity is an elementary property of an ordered abelian group, 
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v p l L is p-antiregular. Thus, vlL is not p-divisible and also p-antiregular. By Lemma to 
we have [ vlL : pvjjfi = oo. 

Overall, we get that Vl is tamely branching at any prime p. In particular, L admits 
no 0- definable non-trivial henselian valuation. Proposition [Z 9\ below shows that L admits 
nonetheless for every prime p a parameter-definable henselian valuation tamely branching 
at p. 

We immediately get the following 

Corollary 7.8. Admitting a henselian valuation tamely branching at p is not an elementary 
property, i.e., there are fields K < L such that G / has a non-procyclic Sylow subgroup 
Pl ¥ Z 2 x Z/2Z admitting a non-trivial abelian normal closed subgroup, but Gk does not. 

As a consequence, not every field which admits a henselian valuation tamely branching 
at p admits a 0-definable such. The next proposition shows that, nevertheless, there is 
always a definable such: 

Proposition 7.9. Let K be afield and p a prime. Assume K admits a henselian valuation 
v tamely branching at p. Then K admits a definable such (using at most 1 parameter). 

Proof. Like in the proof of Proposition [73] we may assume f p e K. We split the proof 
into two cases: 

(1) If Kvk = Kvk(p), then we have vk £ v P K - Protiosition l7.2l shows that there is an 0- 
definable p-henselian valuation w which coarsens v P K and which tamely branches 
at p. As w is a coarsening of vk, this gives an 0-definable henselian valuation 
tamely branching at p. 

(2) If Kvk + Kvk(p), then we have v p K c v K c v. Define T = v p k K. For any y e vK 
let (y) be the convex subgroup generated by y in T. We consider once more the 
convex subgroup 

A y = {<S e T | [0,p • |d[] c [0,p ■ y] + P T } 

of T as in Lemma 14. 11 Note that - as in the proof of Proposition 14.21 - F = A y 
implies that the quotient F/(y) is p-divisible. Thus, if there is some y e vK 
such that r l(y) is not p-divisible, then we get a definable coarsening u of v with 
uK = T/A y which tamely branches at p. 

On the other hand, if T /(y) is p-divisible for all y e vK. then vK/(y ) is also 
p-divisible for all y e vK. This implies that vK/A is p-divisible for all convex 
subgroups A < vK. Thus, vK is p-regular but not p-divisible and thus 0-definable 
by Theorem l3.ll 

□ 
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